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A novel method for determining the lattice parameter in a crystalline solid from

the harmonic emission spectra re¯ected in laser±solid layers interactions is

proposed. Radiated emission at high-order harmonic numbers is observed from

thin crystalline layers illuminated by short femtosecond elliptically polarized

laser light. The radiation mechanism presented here accounts for optical

emission effects when free electrons in the material, ionized by the action of an

applied external radiation ®eld, are driven to large oscillation amplitudes and

harmonics are generated by the electronic response to the periodic lattice

potential. Perturbations in the electron motion inside the material due to the ion

cores give rise to harmonic emission. In this work, the condition for radiation ±

the resonance condition ± is found analytically through an exact expression for

the electron displacement. The analytic prediction is supported by results

obtained by solving numerically the electromagnetic force equations for

electrons moving in the lattice potential.

1. Introduction
Crystalline structure has been one of the main subjects studied

in most of the usual applications of metals and ceramics

(Ziman, 1972) and even in newly developed nanostructured

arrays (GutieÂrrez-Wing et al., 2000; Wang, 1998; Wales, 1996).

In all these cases, the study of the cell parameters has become

of major importance for the determination of properties from

the atomic ordering to macroscopic scales, as found in optical

emission and conductivity, among many others (Bragg, 1947).

Electron and neutron diffraction and X-ray techniques have

been widely used in materials science to determine the

physical properties and the structure of lattice arrays (Booker,

1969; Williams & Carter, 1996; Bacon, 1975; Giacovazzo et al.,

1995). In this work, we propose a laser application as a novel

and alternative method for determining the lattice parameter

in a crystalline solid.

As will be discussed later, the emission from crystals studied

here is a surface effect, with the implication that the different

detection methods present distinct conditions for their appli-

cation. In the ®rst place, even though neutron diffraction can

provide high accuracy, neutron ¯uxes and crystals with

dimensions of several millimetres in thickness are required for

measuring appreciable scattered intensities, with disadvan-

tages in the experimental costs. For electron diffraction, the

resolution that can be achieved is equivalent, for instance, to

2 AÊ at an acceleration potential of 100 kV and is convenient

for studying processes in the crystal surfaces such as electronic

and ionic emission, catalysis, nucleation of phases and oxida-

tion for low energies, and order±disorder phenomena, grain

boundaries and structure of crystals for high-energy diffrac-

tion. Electron diffraction is particularly favourable for

studying point defects in crystals. Lastly, X-ray diffraction can

be used to study specimens which are of the order of milli-

metres in thickness, taking minutes or hours to record data

unless a synchrotron or a sensitive detector is used for quan-

tifying the number of photons. With this technique, high values

of sin �=�L, where �L is the laser wavelength, can draw ®ne

details of crystalline structures of sizes �0.5 AÊ .

On the other hand, the method proposed in this work would

have the drawback that when using an ultrashort laser pulse

the incident radiation would not be really monochromatic and

spectral broadening would have to be taken into considera-

tion. However, for 9.5 mm femtosecond mid-infrared pulse

production (�100 fs), it has been shown in the experiment

that the power spectra is broadened with a width of ��L '
1 mm (FWHM) (Rolland & Corkum, 1986). From those

results, we estimated numerically the location of the strong

emission peaks in the spectra (a distinctive feature, as we will

see later) for deviations of �0.5 mm for a CO2 laser wave-

length and found that the lattice parameter could be measured

with an error below 10% of the real value for both linear and

circular polarizations. The emission effect, if detected in-

laboratory, would represent a direct method for determining

the lattice parameter at a low cost and with an acceptable

approximation.

Recent work on emission phenomena from the irradiation

of thin solid layers by short-pulse lasers has revealed that high-

order harmonic emission can be generated (HuÈ ller & Meyer-
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ter-Vehn, 1993; Ondarza, 1998). The model, proposed from

results reported by HuÈ ller & Meyer-ter-Vehn (1993) and

extended by Ondarza (1998), describes the emission

mechanism in terms of the motion of ionized electrons ±

driven by the applied external radiation ®eld ± in the crys-

talline layer and perturbed by the action of the ion lattice

potential. Harmonic emission arises from perturbation effects

produced on the electron dynamics. It was shown that the

radiated emission spectra are distinguished by characteristic

and prominent harmonic lines. In particular, for linearly

polarized laser light incident on a periodic ion array, the

emission was found to be characterized by a spectral region

that forms a plateau over the lower harmonic numbers with a

sudden cutoff for the highest orders. It was found that the

maximum harmonic number emitted depends mainly on the

strength and the wavelength of the driver and on the lattice

spacing. In this work we obtain in analytical form the condi-

tion for radiation ± the resonance condition ± derived on the

basis of conservation laws for the momentum and the energy

when an elliptically polarized laser pulse is incident on a

crystalline layer.

Harmonic generation from solids illuminated by laser light

can be produced from a number of distinct physical processes.

We brie¯y review some relevant results, remarking that the

input energies and shortness of the pulse used in those reports

are not applicable in our model.

Strong emission from solid targets irradiated by nanosecond

CO2 lasers with intensities >5� 1014 W cmÿ2 was ®rst

observed by Carman, Forslund & Kindel (1981) and Carman,

Rhodes & Benjamin (1981), who detected up to 46 harmonics.

Other experiments have con®rmed harmonic generation from

solid targets with laser pulses of duration from hundreds of

femtoseconds up to a few picoseconds (Linde et al., 1995;

Kohlweyer et al., 1995; Norreys et al., 1996). The ®rst of these

reported emission up to the seventh harmonic from 150 fs,

0.794 mm laser pulses at intensities of 1019 W cmÿ2, while the

second detected up to 15 harmonics for 0.8 mm, 130 fs lasers at

1017 W cmÿ2. The work by Norreys et al. (1996) found

harmonic emission up to the 75th order from 1.053 mm pulses

of 2.5 ps at 1019 W cmÿ2.

The radiation phenomena studied in this work present

features in common with emission effects generated when

charged particles traverse an inhomogeneous medium. In

particular, the emission mechanism considered here resembles

the Smith±Purcell (SP) effect (Smith & Purcell, 1953; Moran,

1992; Doucas et al., 1992; HuÈ ller & Meyer-ter-Vehn, 1993), an

effect independently found by Salisbury (1953), in which

radiated light arises when highly energetic electrons, with

energies above 50 keV, pass over a periodical array of grooves

in the surface of a metallic grating. Coherent band radiation is

emitted in the SP effect in the radio to ultraviolet range with

frequencies ! = kg � v �1ÿ � cos ��ÿ1, where kg is the grating

periodicity, v stands for the beam electron velocity, � = v=c,

and � is the angle between the beam direction and the source±

observer axis.

In x2, we brie¯y account for considerations and aspects of

the interaction of laser pulses with a lattice array. x3 solves

numerically the electron dynamics and presents the emission

spectra for different laser intensities. In x4, the analytical

solution for the motion of electrons driven by an electro-

magnetic elliptically polarized laser ®eld is obtained. The

condition of resonance is also obtained from the equations for

the electron displacement. Finally, x5 draws conclusions from

the work performed.

2. Interaction of a laser pulse with a periodic lattice

This section accounts for some aspects of the interaction

physics of ionized electrons driven by laser light in a crystal-

line array. The transverse quiver momentum of an electron

embedded in a light ®eld is given by p = m0 ca0, where a0 =

eA0=m0c2 is the normalized vector potential and e, c, m0 and

A0 stand for the electron charge, the speed of light in vacuum,

the electron rest mass and the vector potential, respectively.

For incident light of wavelength �L (in micrometres) and

intensity I18 (in units of 1018 W cmÿ2), the magnitude of

the normalized vector potential can be denoted as a0 '
0:8544 �I18�1=2 �L. At high intensities, the crystalline structure

can be distorted by the action of the driver producing

alterations in the periodicity of the electron motion. Never-

theless, the lattice structure can preserve its initial con®gura-

tion when ultrashort and low-intense laser pulses are applied.

It has been shown from a number of experimental works that

ultrashort femtosecond laser pulses of intensities lower than

1011 W cmÿ2 can be applied without impinging important

damage on a crystalline structure (Silvestrelli et al., 1996;

Sokolowski-Tinten et al., 1998). Laser-induced disorders of

material surfaces for laser pulses of several hundreds of

femtoseconds duration at peak intensities of tenths of J cmÿ2

have been observed (Tom et al., 1988; Saeta et al., 1991) where

a loss of cubic order was found 150 fs after the pulse.

Alternatively, lattice dynamics can be studied by ultrafast

optical spectroscopic techniques. For instance, chemical bonds

in crystal lattices have been observed to rearrange on time

scales of femtoseconds to picoseconds. With the use of time-

resolved generation of ultrashort X-ray pulses, it has been

possible to observe fundamental processes such as electronic

changes and coherent acoustic phonon propagation through

optical excitation of the crystal surface (Rose-Petruck et al.,

1999). Direct observation of optically induced phase transi-

tions in crystals (InSb) has been reported from 150 fs, 0.8 mm

laser pulses above critical ¯uences of 13 mJ cmÿ2 (Lindenberg

et al., 2000), and interpreted as lattice atomic motion driven

from equilibrium to disordered states.

Ultrashort laser pulses can be used to excite the electronic

states of a solid before tangible energy is deposited to the

lattice vibrational states. Second-harmonic generation (SH)

experiments (Shank et al., 1983) on laser irradiation on crys-

tals have con®rmed that emission from the surface layer

dominates that from the bulk, allowing SH to be successfully

used to study molecular adsorption and orientation on

surfaces (Tom et al., 1984). The proposed method for deter-

mining the lattice structure from solids is basically a surface

effect where the shortness of the pulse enables interaction



with the surface without producing distortions in the crystal-

line array.

The mechanism of radiation discussed here might be

expected to be screened by other effects concerning multi-

photon processes and atomic emission from recombination

and line transitions. Nevertheless, those effects can be

discerned since they take place on longer time scales, as

compared with the emission that would be generated from

electrons perturbed by the lattice potential.

Taking the above into consideration, in our simulations of

laser±target interactions we have used CO2 laser light (�L =

10.6 mm) with a pulse duration of only a few femtoseconds,

allowing quiver excursions � = ��L=2��a0 greater than the

lattice spacing lc. For instance, for IL = 5� 1010 W cmÿ2 (a0 '
2:025� 10ÿ3), the lattice electrons execute oscillation ampli-

tudes of �=lc ' 9.

Laser technology capable of delivering CO2 light pulses of

only 2 ps duration was ®rst developed from optical semi-

conductor switching (Corkum, 1983, 1985) where compression

was performed by a technique consisting of plasma chirping

and anomalous dispersion. Many potential applications,

including multiphoton chemistry and plasma physics, provided

interest for pursuing the construction of such devices.

Subsequent developments allowed infrared pulses of

duration 130 fs based on such techniques to be achieved in-

laboratory (Rolland & Corkum, 1986). Such pulses contained

only about four optical cycles. An important aspect associated

with ultrashort pulses is that the broadening of the spectrum

of the driver covers a wide range of wavelengths. From the

analyses of the power spectra, the radiation at the incident

CO2 wavelength dominates, with weak emission at the blue

and red wings. Minor modi®cations in the experimental set-up

could produce developments in the ampli®cation of ultrashort

pulses of duration equal to (or even smaller than) the visible

light (35 fs) used to produce the pulse (Knox, 1988). Taking

this into account, the prospect of achieving shorter pulses of

one optical cycle is feasible. Optical semiconductor switching

for wavelengths longer than 30 mm could still be implemented

for many laboratory applications. For our model, such lasers

could be employed in even lower energy ranges, from 5� 107

to 108 W cmÿ2.

We represent the lattice potential by assuming a periodic

function of the coordinates. In this work, we consider a two-

dimensional lattice potential in the form

'�r� � 'c sinh�A sin�kc � r��; �1�
where kc = 2�=lc is the lattice wavelength, and the strength of

the amplitude 'c is of the order of 1 V for typical metals

(Pettifor, 1983). The factor A in the expression above has been

incorporated into the model with the aim of including varia-

tions in the lattice potential. Such variations can be produced

in cases where impurities or interstitial sites occur in the

crystal. In this work, we take the value A = 1 to represent the

lattice force as the conventional sinusoidal function and leave

those cases in which A takes other values for a future publi-

cation. For the case of linear polarization, the electrons quiver

in the direction of oscillation of the laser electric ®eld reducing

the mode to one dimension. For circularly polarized laser

®elds, the electrons describe periodic oscillations in the plane

perpendicular to the direction of propagation of the pulse. For

this polarization, the resonance condition (as we will see in the

following section) will be mainly given in terms of the electron

displacements in that plane and the small drifts along the

Poynting vector will have a negligible contribution for deter-

mining the lattice parameter. Fig. 1 shows the lattice potential

for a two-dimensional ion array.

3. Harmonic emission spectra from crystalline targets

The radiation emission spectra re¯ected from the target were

obtained by studying the dynamics of the electrons. A single-

particle force equation was solved numerically for an ellipti-

cally polarized laser ®eld incident on the target,

dp

dt
� ÿeEÿ �e=c� v� B� errr';

where ' is the lattice potential given by (1), e is the charge of

the electron and c is the velocity of light in vacuum, p = m0v is

the electron momentum with  = �1ÿ v2=c2�ÿ1=2. E and B are

the electric and magnetic ®elds, respectively. For a mono-

chromatic plane wave of arbitrary polarization propagating

along the x direction, the vector potential can be written as

A�r; t� � a���A���;
where a��� is a shape factor and

A��� � 0; �1ÿ �2�1=2 sin �; � cos �
� �

:

The Lorentz invariant phase is denoted by � = wL�t ÿ x=c�.
The parameter � takes the values � = 0, �1 for linear polar-

ization and � = �1/21/2 for circular polarization. Pulse shape

effects will be studied in a future publication. In this paper, we

consider, simplistically, ultrashort ®nite laser pulses interacting

with thin solid targets.

We have considered a number of laser±target interactions

with lattice period lc = 4 AÊ and different laser intensities.

The power radiated by single electrons per unit solid angle

in a direction X is given by (Jackson, 1962)
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dP�t�
d

� �c=4�� R Erad�t;
�

�� ��2;
where

Erad�t;
� � ÿ�e=c2� X� X� �r �t 0�� �=R;

where R = jRobs ÿ rj and t 0 = t ÿX � �Robs ÿ r�=c is the

retarded time.

For a linearly polarized laser pulse, Fig. 2 shows the radia-

tion spectrum for a laser light of �L = 10.6 mm and IL =

5� 109 W cmÿ2. This ®gure shows that the spectrum is char-

acterized by a well de®ned plateau with a cutoff around m =

16. Here, m denotes the harmonics !m = m!L. The emitted

power is normalized by a factor fn = 4:7� 10ÿ14, and where the

fundamental is not shown for convenience in the power scale.

For a solid layer illuminated by a circularly polarized laser

pulse, Figs. 3 and 4 show the emission for a laser pulse of

intensity IL = 5� 109 and IL = 5� 1010 W cmÿ2, respectively.

In both cases we observe that the emission presents an addi-

tional peak in the region of low harmonic orders with a

plateau between the two maxima emitted. In Fig. 3, two peaks

are strongly emitted around m = 8 and m = 31 with fn =

1:9� 10ÿ13. For Fig. 4, the peaks are around m = 25 and m =

100 with fn = 2:9� 10ÿ12.

4. Resonance condition for radiation

With the aim of obtaining the resonance condition for radia-

tion and, from that condition, the lattice parameter of a

crystalline target, we solve analytically the motion of free

charged particles driven by an external elliptically polarized

laser ®eld without the action of other external sources

(Ondarza, 2001).

From the equation of motion we have

d

dt
�vy� � ÿa0c�1ÿ �2�1=2 _� cos �;

d

dt
�vz� � a0c� _� sin �;

�2�

where _� = !L�1ÿ �vx=c��. On the other hand, we have that

d

dt
�vx� �

d

dt
�c� � a0! vz� sin �ÿ vy�1ÿ �2�1=2 cos �

� �
;

from which we obtain

 � 1ÿ �_x=c�� �ÿ1� px �m0c� �=m0c: �3�
Using the equation for the energy, E = m0c2 = p2c2 �m2

0c4,

the expression for  and (2), we get

px � �a2
0m0c=2� �1ÿ �2� sin2 �� �2�1ÿ cos ��2� �

;

py � ÿm0a0c�1ÿ �2� sin �;

pz � m0a0c��1ÿ cos ��:
Expressing the velocities in the form

vi �
di

d�
_�; i � x; y; z;

and upon integration we have

i � 1=m0!� � R pi d�; i � x; y; z:

After integration we obtain

Figure 2
Radiation spectrum for linear polarization, IL = 5� 109 W cmÿ2, �L =
10.6 mm and lc = 4 AÊ .

Figure 3
Radiation spectrum for circular polarization, IL = 5� 109 W cmÿ2, �L =
10.6 mm and lc = 4 AÊ .

Figure 4
Radiation spectrum for circular polarization, IL = 5� 1010 W cmÿ2, �L =
10.6 mm and lc = 4 AÊ .



x � �a2
0=2k� 1

2�2�2 � 1��� ��sin 2��=4��2�2 ÿ 1� ÿ 2�2 sin �
� 	

;

y � ÿ�a0=k��1ÿ �2�1=2�1ÿ cos ��;
z � �a0=k����ÿ sin ��;

which are the expressions for the coordinates in terms of the

Lorentz invariant phase �.

For linear polarization (� = 0), we have

x � �a2
0=4k���ÿ �sin 2��=2�;

y � ÿ�a0=k��1ÿ cos ��; �4�
z � 0:

For circular polarization (� = 2ÿ1=2), the spatial coordinates are

given by the set of equations

x � �a2
0=2k���ÿ sin ��;

y � ÿ�a0=21=2k��1ÿ cos ��; �5�
z � �a0=21=2k���ÿ sin ��:

The radiation spectrum produced when a charged particle

moves in the vicinity of a periodic structure can be explained

from conservation laws. Radiation arises only if resonance

conditions are ful®lled. To explain this statement, let us

assume that the medium changes its properties periodically

along a certain direction. If we consider a particle travelling

through a medium with velocity v and emitting quanta of

energy h- ! and momentum h- !=c, the conservation laws for the

longitudinal momentum and the energy can be written in

general form as

v � �p� �=vÿ h- !=c� � cos � 0 � 2�n=l;

�Eÿ h- ! � 0;

where � 0 is the angle between the direction of an emitted

quantum and the velocity v. The changes in energy and

momentum of the particle are denoted by �E and �p,

respectively, n is an arbitrary integer and l is the periodicity of

the medium. Since �E = v � �p for small changes of the energy

of the particle, the condition for radiation from the conser-

vation laws reads

!eff=v � �!=v� 1ÿ �v=c� cos � 0� � � 2�n=l:

Thus, the location of the cutoff can then be derived from the

resonance condition nmax!L ' kcvosc, or nmax ' kc�osc, where

�osc is the electron displacement. In a similar way, we can

locate the cutoff in the emission spectra from the amplitudes

of the electron excursions for all three spatial directions. The

cutoff, which corresponds to a maximum displacement in a

given direction, is expressed as

nmax;i � 2��i=lc; i � x; y; z;

where lc is the lattice spacing and �i is the amplitude of the

electron excursion for a particular coordinate. From the linear

parts of (4) and (5), the amplitude of the excursions can be

obtained by taking � = �=2, which corresponds to the value of

the phase � for maximum amplitude in the electron quiver

motion in the y direction.

For linear polarization, the electron displacements are given

by

�x � �La2
0=8;

�y � �La0=2�; �6�
�z � 0:

Since �x is an order of magnitude smaller in a0 than the

displacement in y, we have that nmax � �2�=lc��y, yielding

lc � 2��y=nmax � �La0=nmax: �7�
For the case of Fig. 2, nmax ' 60, for which lc ' 3.70 AÊ . This

value is close to that used for the lattice parameter (lc = 4 AÊ ) in

the simulations.

For a circularly polarized laser pulse we have that

�x � �La2
0=8;

�y � �La0=�2� 21=2��;
�z � �La0=�4� 21=2�:

From these quantities, it is possible to derive the location of

the emission peaks in the radiation spectra since they corre-

spond to the coupling effect between these different oscilla-

tions modes. Since �x is an order of magnitude smaller in a0

than the displacement in the other two directions, we have that

two main modes will contribute to the emission peaks, and will

be given by

nmax� � �2�=lc���z � �y�;
nmaxÿ � �2�=lc���z ÿ �y�:

Substituting the values for �z and �y in the equation above, we

have that

lc � ��L=nmax���a0=�2� 21=2����� 2�: �8�
Thus, the lattice parameter can be calculated by taking any of

the values of nmax� in the emission spectrum. For instance, for

IL = 5� 109 W cmÿ2 (a0 ' 6:4� 10ÿ4), nmax� = 31 and nmaxÿ =

8, as obtained from the numerical computation of the dynamic

equations and shown in Fig. 3. These values yield lc = 3.9 and

3.6, respectively, for the lattice parameter. For an intensity of

5� 1010 W cmÿ2 (a0 ' 2:025� 10ÿ3), nmax� = 100 and nmaxÿ =

25, as shown in Fig. 4, giving lc = 3.9 and 3.5, respectively. The

small contribution effect to the coupling from �x would be

given by ��=4���L=lc�a2
0 , with negligible values 0.0085 and

0.079 for the intensities 5� 109 and 5� 1010 W cmÿ2,

respectively.

5. Conclusions

A novel method for determining the lattice parameter by

means of the radiation emission re¯ected from crystalline

layers illuminated by laser pulses has been presented. For

linearly polarized laser light, the emission spectra were found

to be characterized by high-order harmonic numbers with a

plateau and a sudden cutoff. For elliptically polarized light

incident on a periodic lattice array, the spectra contained two

strong emission peaks. It was found from the analytical solu-
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tions that coupling effects between the modes that correspond

to the excursion amplitudes contribute to that sort of emission.

The resonance condition for radiation was derived from the

electron displacements in all three spatial coordinates. For a

given polarization, it was found that the lattice parameter can

be determined analytically from the maxima in the emission

spectra, which was linearly dependent on both the wavelength

and the amplitude of the laser pulse. The emission effect

discussed in this work, if detected, might hold some potential

as a diagnostic and could be used to determine the structure

characteristics of irradiated targets.
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